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PSEUDO-DIFFERENTIAL OPERATORS IN HO¨LDER SPACES
REVISITED. WEYL-HO¨RMANDER CALCULUS AND
RUZHANSKY-TURUNEN CLASSES.
DUVA´N CARDONA
Abstract. In this work we obtain continuity results on Ho¨lder spaces for
operators belonging to a Weyl-Ho¨rmander calculus for metrics such that the
class of the associated operators contains, in particular, certain hypoelliptic
laplacians. With our results we recover some historical Ho¨lder boundedness
theorems (see R. Beals [2, 3]). The action of (periodic) Ruzhansky-Turunen
classes of pseudo-differential operators on Ho¨lder spaces also will be investi-
gated. MSC 2010. Primary: 35J70, Secondary: 35A27, 47G30.
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1. Introduction
1.1. Outline of the paper. For every 0 < s < 1, the (Lipschitz) Ho¨lder space
Λs(Rn) consists of those functions f satisfying
‖f‖Λs := sup
x,y∈Rn
|f(x+ y)− f(y)||x|−s <∞. (1.1)
In this work we study pseudo-differential operators on Ho¨lder spaces. These are
linear operators of the form
Af(x) ≡ σ(x,Dx)f(x) :=
∫
Rn
ei2πx·ξσ(x, ξ)fˆ(ξ)dξ, f ∈ C∞0 (R
n), (1.2)
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where the function f̂ is the Fourier transform of f and the function σ is the so
called, symbol associated to the operator σ(x,Dx). In this paper we give mapping
properties for pseudo-differential operators (with symbols associated to Weyl-
Ho¨rmander classes) on Ho¨lder spaces. These classes usually denoted by S(m, g)
are associated to a Ho¨rmander metric g = {g(x,ξ) : (x, ξ) ∈ R
2n} on the phase
space Rn × Rn and a weight m on R2n. The particular case
g = gρ,δ := 〈ξ〉2δdx2 + 〈ξ〉−2ρdξ2, m(x, ξ) = 〈ξ〉m, 0 ≤ δ ≤ ρ ≤ 1, δ < 1,
where 〈ξ〉 := (1 + |ξ|2)
1
2 , corresponds to the (ρ, δ)−Ho¨rmander class Smρ,δ(R
2n),
which consists of those symbols satisfying
|∂βx∂
α
ξ σ(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (1.3)
These classes were introduced by L. Ho¨rmander in 1967 motivated by the study
of hypoelliptic problems as the heat equation. Another important case are the
Shubin classes Σm(Rn × Rn) defined by the condition
|∂βx∂
α
ξ σ(x, ξ)| ≤ Cα,β〈x, ξ〉
m−ρ(|α|+|β|), (1.4)
where 〈x, ξ〉 := (1 + |x|2 + |ξ|2)
1
2 , which from the Weyl-Ho¨rmander calculus can
be obtained with
g = gρ := 〈x, ξ〉−ρ(dx2 + dξ2), m(x, ξ) = 〈x, ξ〉m, 0 ≤ ρ ≤ 1.
For symbol classes associated to anharmonic oscillators we refer the reader to
Chatzakou, Delgado and Ruzhansky [12]. The quantisation process of pseudo-
differential operators associates to each function σ(x, ξ) in suitable classes (of
symbols) on the phase space Rn×Rn, a (densely defined) linear operator σ(x,Dx)
on the Hilbert space L2(Rn), such that the coordinate functions xi and ξi cor-
respond to the operators xj and Dj = −i2π
∂
∂xj
, and such that the properties
of the symbols σ(x, ξ) (positivity, boundedness, differentiability, invertibility, ho-
mogeneity, integrability, etc.) are reflected in some sense in the properties of the
operators σ(x,Dx), (positivity, mapping properties, invertibility, Fredholmness,
geometric information, compactness). To our knowledge, the first general quan-
tization procedure, (in pseudo-differential operators theory) and in many ways
still the most satisfactory one, was proposed by Weyl (see Ho¨rmander[20]) not
long after the invention of quantum mechanics.
The symbols σ(x, ξ) considered in this work, belong to Weyl-Ho¨rmander classes
S(m−nε, g),which are associated to the metric g(x,ξ)(dx, dξ) = m(x, ξ)
−2(〈ξ〉2dx2+
dξ2), x, ξ ∈ Rn, and the weight m(x, ξ) = (a(x, ξ)+ 〈ξ〉)
1
2 . The symbol a, which is
assumed positive and classical, is the principal part of the second order differential
operator L defined by
Lf = −
∑
ij
aij(x)
∂2
∂xi∂xj
f + [partial derivatives of lower order ]f, f ∈ C0(R
n).
(1.5)
We also assume for every x ∈ Rn, that the matrix A(x) = (aij(x)) is a positive,
semi-definite matrix of rank r(x) := rank(A(x)) ≥ r0 ≥ 1. The coefficients aij
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are smooth functions which are uniformly bounded on Rn, together with all their
derivatives. Important examples arise from operators of the form
L = −
∑
j
X∗jXj +X0, L = −
∑
j
X∗jXj, (1.6)
where {Xi} is a system of vector fields on R
n satisfying the Ho¨rmander conditions
of order 2 (this means that the vector fields Xi and their commutators provide a
basis of Rn, or equivalently that Rn = Lie{Xi}i).
On the other hand, Ho¨lder spaces on the torus Tn = Rn/Zn, are the Banach
spaces defined for each 0 < s ≤ 1 by
Λs(Tn) = {f : Tn → C : |f |Λs = sup
x,h∈Tn
|f(x+ h)− f(x)||h|−s <∞}
together with the norm ‖f‖Λs = |f |Λs + supx∈Tn |f(x)|. In the second part of this
work we investigate the action of periodic operators on toroidal Ho¨lder spaces.
These operators have the form
a(x,Dx)f(x) ≡ Op(a)f(x) =
∑
η∈Zn
ei2π〈x,η〉a(x, η)fˆ(η), (1.7)
where the function a(x, η) is called, the symbol of a(x,Dx), and f̂ is the periodic
Fourier transform of f. Periodic pseudo-differential operators were introduced
by M. Agranovich [1] who proposed a global quantization of periodic pseudo-
differential operators on the one dimensional torus R/Z ≡ T. Later, this theory
was widely developed by G. Vainikko, M. Ruzhansky and V. Turunen (see [26]),
and subsequently generalised on compact Lie groups. For some recent work on
boundedness results of periodic pseudo-differential operators we refer the reader
to the references [4, 5, 8, 14, 21, 26, 27] where the subject was treated in Lp-
spaces. Pseudo-differential operators with symbols in Ho¨rmander classes can be
defined on smooth closed manifolds by using local charts (localizations). Agra-
novich (see [1]) gives a global definition of pseudo-differential operators on the
circle S1, (instead of the local formulation on the circle as a manifold). By us-
ing the Fourier transform Agranovich’s definition was readily generalizable to the
n−dimensional torus Tn. Indeed, G. Vainikko, M. Ruzhansky and V. Turunen
introduced Ho¨rmander classes on any n-torus Tn of the following way: given
m ∈ R, 0 ≤ ρ, δ ≤ 1, we say that a ∈ Smρ,δ(T
n × Zn) ((ρ, δ)− symbol classes) if
∀α, β ∈ Nn, ∃Cα,β > 0, |∆
α
ξ ∂
β
xa(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (1.8)
Here ∆ξ is the usual difference operator on sequences defined by
∆ξja(ξ) := a(ξ + ej)− a(ξ); ej(k) := δjk, ∆
α
ξ = ∆
α1
ξ1
· · ·∆αnξn , (1.9)
where α = (α1, · · · , αn) ∈ N
n
0 . It is a non-trivial result, that the pseudo-differential
calculus with symbols on (ρ, δ)−classes by Vainikko-Ruzhansky-Turunen and the
periodic Ho¨rmander calculus via localisations, are equivalent, this means that
Ψmρ,δ(T
n × Zn) = Ψmρ,δ(T
n × Rn).
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This fact is known as the McLean equivalence theorem (see [22]). The principal
consequence of the McLean equivalence is that we can transfer the bounded-
ness properties of pseudo-differential operators on Rn (in Ho¨rmander classes)
to pseudo-differential operators on the torus. So, if we denote by Λs(Rn) the
Ho¨lder space with regularity order s, 0 < s < 1, then it is well known that
Tσ ∈ Ψ
0
1,0(R
n × Rn) extends to a bounded operator on Λs(Rn) (see E. Stein [30],
p. 253). In view of the McLean equivalence, if σ(x,Dx) ∈ Ψ
0
1,0(T
n × Zn) is a
periodic operator, then
σ(x,Dx) : Λ
s(Tn)→ Λs(Tn), 0 < s < 1, (1.10)
extends to a bounded operator. So, the problem of the boundedness of peri-
odic pseudo-differential operators can be reduced to consider symbols of limited
regularity.
1.2. State of the art and main results. In general, classes of bounded pseudo-
differential operators on Lebesgue spaces Lp(Rn), 1 < p < ∞, also provide
bounded operators on Ho¨lder spaces Λs(Rn), Besov spaces Bsp,q(R
n), Triebel-
Lizorkin spaces F sp,q(R
n), and several types of function spaces. Through of the
metric g1,0(x,ξ)(dx, dξ) = dx
2 + 〈ξ〉−2dξ2, and the weight m(x, ξ) = 1 we recover
the Kohn-Nirenberg class of order zero S0(Rn) = S(1, g1,0) which give bounded
pseudo-differential operators on Lp spaces, 1 < p <∞, and on every Ho¨lder space
Λs. In fact, for certain metrics, R. Beals showed that the classes S(1, g) give
bounded pseudo-differential operators in Lp spaces as well as in Ho¨lder spaces
(see the classical references Beals [2] and Beals [3]; the case of periodic operators
was treated in [6, 7]). On the other hand, if we define
Q0 := r0 + 2(n− r0), ε0 :=
Q0
2n
−
1
2
, (1.11)
it was proved by J. Delgado in [14], that the set of operators with symbols in the
classes S(m−nε, g) provides bounded operators on Lp-spaces for all 1 < p <∞ and
ε0 ≤ ε <
Q0
2n
. Moreover, for 0 ≤ β < ε0, the operators in the classes S(m
−β, g) are
Lp-bounded provided that |1/2− 1/p| ≤ β/2nε0. These are important extensions
of some results by C. Fefferman and R. Beals. In this paper we will prove the
following.
• Let us assume ε0 ≤ ε <
Q0
2n
and let σ ∈ S(m−nε, g). Then the pseudo-
differential operator σ(x,Dx) extends to a bounded operator on Λ
s(Rn)
for all 0 < s < 1.
• Let us assume 0 ≤ β ≤ nε0 and let σ ∈ S(m
−β, g). Then the pseudo-
differential operator σ(x,Dx) extends to a bounded operator from Λ
s(Rn)
into Λs−(nε0−β)(Rn) for all 0 < s < 1 provided that 0 < s− (nε0− β) < 1.
In particular, if the operator L is elliptic we have Q0 = 2n, ε0 = 0, and then
we recover the classical Ho¨lder estimate by R. Beals for S(1, g)-classes (see Beals
[2, 3]).
On the other hand, our results for periodic pseudo-differential operators can
be summarised as follow.
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• Let 0 ≤ ε < 1 and k := [n
2
]+1, let σ : Tn×Zn → C be a symbol such that
|∆αξ σ(x, ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|, for |α| ≤ k. Then σ(x,D) : Λs(Tn) →
Λs(Tn) extends to a bounded linear operator for all 0 < s < 1.
• Let 0 < ρ ≤ 1, 0 ≤ δ ≤ 1, ℓ ∈ N, k := [n
2
] + 1, and let A : C∞(Tn) →
C∞(Tn) be a pseudo-differential operator with symbol σ satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ Cα〈ξ〉
−m−ρ|α|+δ|β| (1.12)
for all |α| ≤ k, |β| ≤ ℓ. Then A : Λs(Tn)→ Λs(Tn) extends to a bounded
linear operator for all 0 < s < 1 provided that m ≥ δℓ+ n
2
(1− ρ).
The periodic conditions above provide Fefferman type conditions for the Ho¨lder
boundedness of periodic operators. These estimates extend the Ho¨lder results in
[6] and [7].
This paper is organized as follows. In Section 2 we present some basics on
Weyl-Ho¨rmander classes and the periodic Ruzhansky-Turunen classes. Finally,
in Section 3 we prove our main results.
2. Weyl-Ho¨rmander and Ruzhansky-Turunen classes
2.1. Weyl-Ho¨rmander classes: S(m, g). Now, we provide some notions on the
Weyl-Ho¨rmander calculus. An extensive treatment on the subject can be found
in Ho¨rmander [20], but we present only the necessary elements in order to get
a simple presentation. The Kohn-Nirenberg quantisation procedure (or classical
quantisation) associates to every σ ∈ S ′(R2n) the operator
σ(x,Dx)f(x) :=
∫
Rn
ei2πx·ξσ(x, ξ)f̂(ξ)dξ =
∫
Rn
∫
Rn
ei2π(x−y)·ξσ(x, ξ)dξf(y)dy,
(2.1)
where f ∈ C∞0 (R
n). On the other hand the Weyl quantization of σ ∈ S ′(R2n) is
given by the operator
σω(x,Dx)f(x) :=
∫
Rn
∫
Rn
ei2π(x−y)·ξσ(
1
2
(x+ y), ξ)dξf(y)dy, f ∈ C∞0 (R
n). (2.2)
There exists a relation between the classic quantization and the Weyl quantization
(see [15, 14]). For the Weyl quantisation, the composition rule can be formulated
in terms of the symplectic form 〈(x, ξ), (y, η)〉ω := y · ξ − x · η, trough of the
operation
a#b(X) :=
1
π2n
∫
R2n
∫
R2n
e−2i〈X−Y,X−Z〉ωa(Y )b(Z)dY dZ, X = (x, ξ). (2.3)
satisfying the identity
(a#b)ω = aω ◦ bω. (2.4)
S(m, g)-classes are associated to Ho¨rmander metrics which are special Riemann-
ian metrics g = (gX)X∈R2n on R
2n, satisfying the following properties.
• Continuity: there exist positive constants C, c, c′ such that gX(Y ) ≤ C
implies
c′ · gX+Y (Z) ≤ gX(Z) ≤ c · gX+Y (Z), where X, Y, Z ∈ R
2n. (2.5)
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• Uncertainty principle: for X, Y, T, Z ∈ R2n and
g
〈·,·〉ω
X (T ) = sup
Z 6=0
〈T, Z〉2ω
gX(Z)
(2.6)
the metric g satisfies the uncertainty principle if
λg(X) := inf
T 6=0
(
g
〈·,·〉ω
X (T )
gX(T )
)
1
2 ≥ 1. (2.7)
• Temperancy: we say that g is a temperate metric if there exists C > 0
and J ∈ N satisfying
(
gX(·)
gY (·)
)±1 ≤ C(1 + g
〈·,·〉ω
Y (X − Y ))
J . (2.8)
On the other hand, classes S(m, g) associated to Ho¨rmander metrics g require the
notion of g-admissible weight M, which are strictly positive functions satisfying
• Continuity: there exists D > 0 such that
(
M(X + Y )
M(X)
)±1 ≤ D, if gX(Y ) ≤
1
D
. (2.9)
• Temperancy: there exists D′ > 0 and N0 ∈ N such that
(
M(Y )
M(X)
)±1 ≤ D′(1 + g
〈·,·〉ω
Y (X − Y ))
N , if gX(Y ) ≤
1
D′
. (2.10)
We end this section with the definition of S(m, g) Weyl-Ho¨rmander classes.
Definition 2.1 (Weyl-Ho¨rmander classes). Let us assume that g is a Ho¨rmander
metric and let m be a g-admissible weight. The class S(m, g) consists of those
smooth functions σ on R2n satisfying the symbol inequalities
|σ(k)(T1, T2, · · · , Tk)| ≤ CkM(X) · (gX(T1)gX(T2) · · · gX(Tk)))
1
2 (2.11)
For every symbol σ ∈ S(m, g) we denote by ‖σ‖S(m,g),k the minimum Ck satis-
fying the inequality (2.11).
2.2. Ruzhansky-Turunen classes. The toroidal Ho¨lder spaces are the Banach
spaces defined for each 0 < s ≤ 1 by
Λs(Tn) = {f : Tn → C : |f |Λs = sup
x,h∈Tn
|f(x+ h)− f(x)||h|−s <∞}
together with the norm ‖f‖Λs = |f |Λs + supx∈Tn |f(x)|.
In our analysis of periodic operators on Ho¨lder spaces we use the standard
notation (see [19, 20, 26, 32]). The discrete Schwartz space S(Zn) denote the
space of discrete functions φ : Zn → C such that
∀M ∈ R, ∃CM > 0, |φ(ξ)| ≤ CM〈ξ〉
M , (2.12)
where 〈ξ〉 = (1 + |ξ|2)
1
2 . The toroidal Fourier transform is defined for any f ∈
C∞(Tn) by
fˆ(ξ) =
∫
Tn
e−i2π〈x,ξ〉f(x)dx, ξ ∈ Zn, 〈x, ξ〉 = x1ξ1 + · · ·+ xnξn.
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The Fourier inversion formula is given by
f(x) =
∑
ξ∈Zn
ei2π〈x,ξ〉uˆ(ξ), x ∈ Tn.
Now, the periodic Ho¨rmander class Smρ,δ(T
n × Rn), where 0 ≤ ρ, δ ≤ 1, consists
of those complex (1-periodic) functions a(x, ξ) in x, which are smooth in (x, ξ) ∈
Tn × Rn and which satisfy toroidal symbols inequalities
|∂βx∂
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (2.13)
Symbols in Smρ,δ(T
n×Rn) are symbols in Smρ,δ(R
n×Rn) (see [19, 26]) with order m
which are 1-periodic in x. If a(x, ξ) ∈ Smρ,δ(T
n × Rn), the corresponding pseudo-
differential operator is defined by
a(x,Dx)u(x) =
∫
Tn
∫
Rn
ei2π〈x−y,ξ〉a(x, ξ)u(y)dξdy, u ∈ C∞(Tn). (2.14)
The set Smρ,δ(T
n × Zn), 0 ≤ ρ, δ ≤ 1, consists of those functions a(x, ξ) which are
smooth in x for all ξ ∈ Zn and which satisfy
∀α, β ∈ Nn, ∃Cα,β > 0, |∆
α
ξ ∂
β
xa(x, ξ)| ≤ Cα,β〈ξ〉
m−ρ|α|+δ|β|. (2.15)
The operator ∆αξ in (2.15) is the difference operator which is defined as follows.
First, if f : Zn → C is a discrete function and (ej)1≤j≤n is the canonical basis of
Rn, (∆ξjf)(ξ) = f(ξ+ ej)− f(ξ). If k ∈ N, denote by ∆
k
ξj
the composition of ∆ξj
with itself k−times. Finally, if α ∈ Nn, ∆αξ = ∆
α1
ξ1
· · ·∆αnξn .
The main object here are the toroidal operators (or periodic operators) with
symbols a(x, ξ). They are defined as (in the sense of Vainikko, Ruzhansky and
Turunen)
a(x,Dx)u(x) := Op(a)u =
∑
ξ∈Zn
ei2π〈x,ξ〉a(x, ξ)uˆ(ξ), u ∈ C∞(Tn). (2.16)
The relation on toroidal and euclidean symbols will be explain as follows. There
exists a process to interpolate the second argument of symbols on Tn × Zn in a
smooth way to get a symbol defined on Tn × Rn.
Proposition 2.2. Let 0 ≤ δ ≤ 1, 0 < ρ ≤ 1. The symbol a ∈ Smρ,δ(T
n×Zn) if and
only if there exists a Euclidean symbol a′ ∈ Smρ,δ(T
n ×Rn) such that a = a′|Tn×Zn .
Proof. The proof can be found in [22, 26]. 
It is a non trivial fact, however, that the definition of pseudo-differential oper-
ator on a torus given by Agranovich (equation 2.16 ) and Ho¨rmander (equation
2.14) are equivalent. McLean (see [22]) prove this result for all the Ho¨rmander
classes Smρ,δ(T
n×Zn). A different proof to this fact can be found in [26], Corollary
4.6.13 by using a periodisation technique.
Proposition 2.3. (Equality of classes). For every 0 ≤ δ ≤ 1 and 0 < ρ ≤ 1, we
have Ψmρ,δ(T
n × Zn) = Ψmρ,δ(T
n × Rn).
For the multilinear aspects of the theory of periodic operators we refer the
reader to Cardona and Kumar [10].
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3. Pseudo-differential operators in Ho¨lder spaces
3.1. S(m, g)-classes in Ho¨lder spaces. Now we prove our Ho¨lder estimates.
Our main tool will be the characterisation of Ho¨lder spaces in terms of dyadic
decompositions.
The symbols σ(x, ξ) considered in this section, belong to Weyl-Ho¨rmander
classes S(m−nε, g), which are associated to the metric
g(x,ξ)(dx, dξ) = m(x, ξ)
−2(〈ξ〉2dx2 + dξ2),
x, ξ ∈ Rn, and the weight m(x, ξ) = (a(x, ξ) + 〈ξ〉)
1
2 . The symbol a, which is
assumed positive and classical, is the principal part of the second order differential
operator L defined by
Lf = −
∑
ij
aij(x)
∂2
∂xi∂xj
f + [partial derivatives of lower order ]f, f ∈ C0(R
n).
(3.1)
We also assume for every x ∈ Rn, that the matrix A(x) = (aij(x)) is a positive,
semi-definite matrix of rank r(x) := rank(A(x)) ≥ r0 ≥ 1. The coefficients aij
are smooth functions which are uniformly bounded on Rn, together with all their
derivatives. Important examples arise from operators of the form
L = −
∑
j
X∗jXj +X0, L = −
∑
j
X∗jXj, (3.2)
where {Xi} is a system of vector fields on R
n satisfying the Ho¨rmander condition
of order 2 (this means that the vector fields Xi and their commutators provide a
basis of Rn, or equivalently that Rn = Lie{Xi}i).
Remark 3.1. Classical examples of operators as in (1.6) are the following:
• the Laplacian −∆x := −
∑n
i=1 ∂
2
xi
on Rn.
• The heat operator −∆x + ∂t on R
n+1.
• The Mumford operator on R4 :
M = −X21 −X0 = −∂
2
θ + cos(θ)∂x − sin(θ)∂y + ∂t, X1 = ∂θ, (3.3)
where we have denoted by (θ, x, y, t) the coordinates of R4. In this case,
X0 = −M−X1, X2 = [X1, X0], X3 = [X1, X2] and span{X0, X1, X2, X3} =
R4, which shows that M satisfies the Ho¨rmander condition of order 2.
• The Kolmogorov operator on R3 :
K = −X21 −X0 = −∂
2
x − x∂y + ∂t, X1 = ∂x. (3.4)
A similar analysis as in the Mumford operator shows that K satisfies the
Ho¨rmander condition of order 2.
• The operator
L =
∂2
∂t2
+
∂2
∂x2
+ e
− 1
|x|δ
∂2
∂y2
(3.5)
on R3.
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Our starting point is the following lemma which is a slight variation of one
proved by J. Delgado (see Lemma 3.2 of [14]) and whose proof is only an obvious
variation of Delgado’s proof. We will use the following parameters
Q0 := r0 + 2(n− r0), ε0 :=
Q0
2n
−
1
2
. (3.6)
Lemma 3.2. Let us assume ε0 ≤ ε <
Q0
2n
and let σ ∈ S(m−nε, g) supported in
R ≤ a(x, ξ) + 〈ξ〉 ≤ ω′R for ω′, R > 1. Then
‖σ(x,Dx)f‖L∞(Rn) ≤ C‖σ‖[n
2
]+1,S(m−nε,g)‖f‖L∞(Rn), (3.7)
holds true for every f ∈ L∞(Rn). Moreover, the constant C > 0 does not depend
on the parameters R and ω′.
Now we will prove our main theorem.
Theorem 3.3. Let us assume ε0 ≤ ε <
Q0
2n
and let σ ∈ S(m−nε, g). Then the
pseudo-differential operator σ(x,Dx) extends to a bounded operator on Λ
s(Rn) for
all 0 < s < 1. Moreover, there exists ℓ such that
‖σ(x,Dx)f‖Λs(Rn) ≤ C‖σ‖ℓ,S(m−nε,g)‖f‖Λs(Rn). (3.8)
Remark 3.4. If we suppose that L is an elliptic operator, then we deduce that
Q0 = 2n, ε0 = 0. Consequently, we recover the classical Ho¨lder estimate due to
R. Beals for S(1, g)-classes (see Theorem 4.1 of Beals [2] and Beals [3]) and also
the Ho¨lder result for the class S0(Rn) mentioned in the introduction.
Proof of Theorem 3.3. Let us fix f ∈ Λs(Rn), 0 < s < 1. We will show that some
positive integer ℓ satisfies
‖σ(x,Dx)f‖Λs(Rn) ≤ C‖σ‖ℓ,S(m−nε,g)‖f‖Λs(Rn), (3.9)
for some positive constant C independent of f . We split the proof in two parts.
In the first one, we prove the statement of the theorem for Fourier multipliers,
i.e., pseudo-differential operators depending only on the Fourier variable ξ. Later,
in the second step, we extend the result for general pseudo-differential operators.
Step 1. Let us consider the Bessel potential of first order R := (I − 1
4π2
∆x)
1
2 ,
where ∆x is the Laplacian on R
n, and let us fix a dyadic decomposition of its
spectrum: we choose a function ψ0 ∈ C
∞
0 (R), ψ0(λ) = 1, if |λ| ≤ 1, and ψ(λ) = 0,
for |λ| ≥ 2. For every j ≥ 1, let us define ψj(λ) = ψ0(2
−jλ)− ψ0(2
−j+1λ). Then
we have ∑
l∈N0
ψl(λ) = 1, for every λ > 0. (3.10)
We will use the following characterization for Ho¨lder spaces in terms of dyadic
decompositions (see Stein [30]): f ∈ Λs(Rn), 0 < s < 1, if and only if,
‖f‖Λs(Rn) ≍ ‖f‖Bs∞,∞(Rn) := sup
l≥0
2ls‖ψl(R)f‖L∞(Rn) (3.11)
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where ψl(R) is defined by the functional calculus associated to the self-adjoint
operator R. If σ(Dx) = σ(x,Dx) has a symbol depending only on the Fourier
variable, then
‖σ(Dx)f‖Λs(Rn) ≍ ‖σ(Dx)f‖Bs∞,∞(Rn) := sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Rn). (3.12)
Let us note that σ(Dx) commutes with ψl(R) for every l, that
ψl(R)σ(Dx) = σ(Dx)ψl(R) =: σl(Dx), (3.13)
where σl(Dx) has a smooth symbol supported in {ξ : 2
l−1 ≤ 〈ξ〉 ≤ 2l+1}. Now let
us observe that from the estimate 0 ≤ a(x, ξ) . 〈ξ〉2, every ξ in the support of
σl(ξ) satisfies 4
l−1 ≤ 〈ξ〉2 ≤ 4l+1 and
4l−1 ≤ a(x, ξ) + 〈ξ〉 . 〈ξ〉2 + 〈ξ〉 . 4l+1. (3.14)
This analysis shows that the support of σl lies in the set
{(x, ξ) ∈ Rnx × R
n
ξ : 4
l−1 ≤ a(x, ξ) + 〈ξ〉 ≤ ω4l+1}, (3.15)
for some ω > 0 which we can assume larger than one. So, by Lemma 3.7 with
ω′ = 42ω and R = 4l−1, we deduce that σl(Dx) is a bounded operator on L
∞(Rn)
with operator norm independent on l. In fact, σl ∈ S(m
−nε, g) for all l, and
consequently
‖σl(Dx)‖B(L∞) ≤ C‖σ‖[n
2
]+1,S(m−nε,g). (3.16)
So, we have
‖ψl(R)σ(Dx)f‖L∞(Rn)
= ‖σl(Dx)
∑
l′∈N0
ψl′(R)f‖L∞(Rn)
= ‖σl(Dx)
l+1∑
l′=l−1
ψl′(R)f‖L∞(Rn)
≤
l+1∑
l′=l−1
‖σl(Dx)‖B(L∞)‖ψl′(R)f‖L∞(Rn)
. ‖σ‖[n
2
]+1,S(m−nε,g)
l+1∑
l′=l−1
‖ψl′(R)f‖L∞(Rn).
As a consequence, we obtain
‖σ(Dx)f‖Λs(Rn) ≍ sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Rn)
. ‖σ‖[n
2
]+1,S(m−nε,g) sup
l≥0
2ls‖ψl(R)f‖L∞(Rn).
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Indeed,
sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Rn)
. ‖σ‖[n
2
]+1,S(m−nε,g) sup
l≥0
2ls
l+1∑
l′=l−1
‖ψl′(R)f‖L∞(Rn)
= ‖σ‖[n
2
]+1,S(m−nε,g) sup
l≥0
l+1∑
l′=l−1
2(l−l
′)s2l
′s‖ψl′(R)f‖L∞(Rn)
≤ ‖σ‖[n
2
]+1,S(m−nε,g)
(
2s + 1 + 2−s
)
sup
l′≥0
2l
′s‖ψl′(R)f‖L∞(Rn).
Finally, we finish the first step, by observing that
sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Rn)
. C‖σ‖[n
2
]+1,S(m−nε,g) sup
l′≥0
‖ψl′(R)f‖L∞(Rn) ≍ ‖σ‖[n
2
]+1,S(m−nε,g)‖f‖Λs(Rn),
where C = (2s + 1 + 2−s) .
Step 2. Now, we extend the Ho¨lder boundedness from multipliers to pseudo-
differential operators by adapting a technique developed by Ruzhansky and Tu-
runen for operators on compact Lie groups, used in our setting, to the non-
compact case of Rn (see Ruzhansky and Turunen [26] and Ruzhansky and Wirth
[28]). So, let us define for every z ∈ Rn, the multiplier
σz(Dx)f(x) =
∫
Rn
ei2π〈x,η〉σ(z, η)fˆ(η)dη.
For every x ∈ Rn we have the equality,
σx(Dx)f(x) = σ(x,Dx)f(x),
and we can estimate the Ho¨lder norm of the function σ(x,Dx)f, as follows
‖σx(Dx)f(x)‖Λs ≍ sup
l≥0
2lsesssupx∈Rn|ψl(R)σx(Dx)f(x)|
≤ sup
l≥0
2lsesssupx∈Rn sup
z∈Rn
|ψl(R)σz(Dx)f(x)|
= sup
l≥0
2lsesssupx∈Rn sup
z∈Rn
|σz(Dx)ψl(R)f(x)|
≤ sup
l≥0
2lsesssupx∈Rn sup
z∈Rn
esssupκ∈Rn|σz(Dκ)ψl(R)f(κ)|
= sup
l≥0
2ls sup
z∈Rn
‖σz(Dκ)ψl(R)f(κ)‖L∞(Rn
κ
).
From the estimate for the operator norm of multipliers proved in the first step,
we deduce
sup
z∈Rn
‖σz(Dx)ψl(R)f‖L∞(Rn) . ‖σ‖[n
2
]+1,S(m−nε,g)‖ψl(R)f‖L∞(Rn).
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So, we have
‖σx(Dx)f(x)‖Λs . ‖σ‖[n
2
]+1,S(m−nε,g)‖f‖Λs(Rn). (3.17)
Thus, we finish the proof. 
By following the notation in Delgado [14], we extend the previous result when
0 ≤ β ≤ nε0.
Theorem 3.5. Let us assume 0 ≤ β ≤ nε0 and let σ ∈ S(m
−β, g). Then the
pseudo-differential operator σ(x,Dx) extends to a bounded operator from Λ
s(Rn)
into Λs−(nε0−β)(Rn) for all 0 < s < 1 provided that 0 < s− (nε0 − β) < 1.
Proof. Let us consider the following factorization for σ(x,Dx) :
σ(x,Dx) = m(x,D)
γm(x,D)−γσ(x,Dx), γ := nε0 − β. (3.18)
Taking into account that m(x,D)−γ has symbol in S(m−γ, g), the symbol of
the operatorm(x,D)−γσ(x,Dx) belongs to S(m
−nε0, g). Consequently, we deduce
the boundedness of m(x,D)−γσ(x,Dx) on Λ
s(Rn) and from the continuity of
m(x,D)γ from Λs(Rn) into Λs−γ(Rn) we finish the proof of the theorem. 
Let us observe that for all −∞ < s <∞ the Besov space Bs∞,∞(R
n) is defined
by the norm.
‖f‖Bs∞,∞(Rn) := sup
l≥0
2ls‖ψl(R)f‖L∞(Rn). (3.19)
Clearly, a look to the proof of our results above gives the following result.
Corollary 3.6. Let us assume ε0 ≤ ε <
Q0
2n
and let σ ∈ S(m−nε, g). Then the
pseudo-differential operator σ(x,Dx) extends to a bounded operator on B
s
∞,∞(R
n)
for all −∞ < s <∞. Moreover, there exists ℓ such that
‖σ(x,Dx)f‖Bs∞,∞(Rn) ≤ C‖σ‖ℓ,S(m−nε,g)‖f‖Bs∞,∞(Rn). (3.20)
Moreover, for 0 ≤ β ≤ nε0 and σ ∈ S(m
−β, g), the pseudo-differential operator
σ(x,Dx) extends to a bounded operator from B
s
∞,∞(R
n) into Bs−(nε0−β)(Rn) for
all −∞ < s <∞.
3.2. Ruzhansky-Turunen classes in Ho¨lder spaces. In this section we prove
our Ho¨lder estimate for periodic (toroidal) pseudo-differential operators. Our
starting point is the following lemma which is slight variation of one due to J.
Delgado (see Lemma 3.6 of [14]) and whose proof is only a repetition of Delgado’s
proof.
Lemma 3.7. Let 0 ≤ ε < 1 and k := [n
2
] + 1, let σ : Tn × Zn → C be a
symbol such that |∆αξ σ(x, ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|, for |α| ≤ k. Let us assume that
σ is supported in {ξ : |ξ| ≤ 1} or {ξ : R ≤ |ξ| ≤ 2R} for some R > 0. Then
a(x,D) : L∞(Tn) → L∞(Tn) extends to a bounded linear operator with norm
operator independent of R. Moreover,
‖σ(x,Dx)‖B(L∞) ≤ C sup{Cα : |α| ≤ k}. (3.21)
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Theorem 3.8. Let 0 ≤ ε < 1 and k := [n
2
] + 1, let σ : Tn × Zn → C be a symbol
such that |∆αξ σ(x, ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|, for |α| ≤ k. Then a(x,D) : Λs(Tn) →
Λs(Tn) extends to a bounded linear operator for all 0 < s < 1. Moreover,
‖σ(x,Dx)‖B(Λs) ≤ C sup{Cα : |α| ≤ k}. (3.22)
Proof of Theorem 3.8. Our proof consists of two steps. In the first one, we prove
the statement of the theorem for periodic Fourier multipliers, i.e., toroidal pseudo-
differential operators depending only on the Fourier variable ξ. Later, in the sec-
ond step, we extend the result for general periodic operators.
Step 1. Let us consider the operator R := (I − 1
4π2
LTn)
1
2 , where LTn is the
Laplacian on the torus Tn, and let us fix a dyadic decomposition of its spectrum:
we choose a function ψ0 ∈ C
∞
0 (R), ψ0(λ) = 1, if |λ| ≤ 1, and ψ(λ) = 0, for
|λ| ≥ 2. For every j ≥ 1, let us define ψj(λ) = ψ0(2
−jλ)− ψ0(2
−j+1λ). Then we
have ∑
l∈N0
ψl(λ) = 1, for every λ > 0. (3.23)
We will use the following characterization for Ho¨lder spaces in terms of dyadic
decompositions (see Stein [30]): f ∈ Λs(Tn), if and only if,
‖f‖Λs(Tn) ≍ ‖f‖Bs∞,∞(Tn) := sup
l≥0
2ls‖ψl(R)f‖L∞(Tn) (3.24)
where ψl(R) is defined by the functional calculus associated to the self-adjoint
operator R. If σ(Dx) = σ(x,Dx) has a symbol depending only on the Fourier
variable, then
‖σ(Dx)f‖Λs(Tn) ≍ ‖σ(Dx)f‖Bs∞,∞(Tn) := sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Tn). (3.25)
Taking into account that the operator σ(Dx) commutes with ψl(R) for every l,
that
ψl(R)σ(Dx) = σ(Dx)ψl(R) = σl(Dx)ψl(R) (3.26)
where σl(Dx) is the pseudo-differential operator with symbol
σl(ξ) = σ(ξ) · 1{ξ:2l−1〈ξ〉≤2l+1},
and that σl(Dx) has a symbol supported in {ξ : 2
l−1〈ξ〉 ≤ 2l+1}, by Lemma 3.7
we deduce that σl(Dx) is a bounded operator on L
∞(Tn) with operator norm
independent on l. In fact, σl satisfies the symbol inequalities
|∆αξ σl(ξ)| ≤ Cα〈ξ〉
−n
2
ε−(1−ε)|α|,
for all |α| ≤ k, and consequently
‖σl(Dx)‖B(L∞) ≤ C sup{Cα : |α| ≤ k}. (3.27)
So, we have
‖ψl(R)σ(Dx)f‖L∞(Tn)
= ‖σl(Dx)ψl(R)f‖L∞(Tn) ≤ ‖σl(Dx)‖B(L∞)‖ψl(R)f‖L∞(Tn)
. sup{Cα : |α| ≤ k}‖ψl(R)f‖L∞(Tn).
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As a consequence, we obtain
‖σ(Dx)f‖Λs(Tn) ≍ sup
l≥0
2ls‖ψl(R)σ(Dx)f‖L∞(Tn)
. sup{Cα : |α| ≤ k} sup
l≥0
2ls‖ψl(R)f‖L∞(Tn)
≍ sup{Cα : |α| ≤ k}‖f‖Λs(Tn).
Step 2. Now, we extend the Ho¨lder boundedness from multipliers to pseudo-
differential operators by using a technique developed by Ruzhansky, Turunen
and Wirth (see Ruzhansky and Turunen [26] and Ruzhansky and Wirth [28]).
So, let us define for every z ∈ Tn, the multiplier
σz(Dx)f(x) =
∑
η∈Zn e
i2π〈x,η〉σ(z, η)f̂(η).
For every x ∈ Tn we have the equality,
σx(Dx)f(x) = σ(x,Dx)f(x),
and we can estimate the Ho¨lder norm of the function σ(x,Dx)f, as follows
‖σx(Dx)f(x)‖Λs ≍ sup
l≥0
2lsesssupx∈Tn |ψl(R)σx(Dx)f(x)|
≤ sup
l≥0
2lsesssupx∈Tn sup
z∈Tn
|ψl(R)σz(Dx)f(x)|
= sup
l≥0
2lsesssupx∈Tn sup
z∈Tn
|σz(Dx)ψl(R)f(x)|
≤ sup
l≥0
2lsesssupx∈Tn sup
z∈Tn
ess supκ∈Tn |σz(Dκ)ψl(R)f(κ)|
= sup
l≥0
2ls sup
z∈Tn
‖σz(Dκ)ψl(R)f(κ)‖L∞(Tn).
From the estimate for the operator norm of multipliers proved in the first step,
we deduce
sup
z∈Tn
‖σz(Dx)ψl(R)f‖L∞(Tn) . sup{Cα : |α| ≤ k}‖ψl(R)f‖L∞(Tn).
So, we have
‖σx(Dx)f(x)‖Λs . sup{Cα : |α| ≤ k}‖f‖Λs(Tn). (3.28)
Thus, we finish the proof. 
Corollary 3.9. Let 0 < ρ ≤ 1, 0 ≤ δ ≤ 1, ℓ ∈ N, k := [n
2
] + 1, and let
A : C∞(Tn)→ C∞(Tn) be a pseudo-differential operator with symbol σ satisfying
|∂βx∆
α
ξ σ(x, ξ)| ≤ Cα〈ξ〉
−m−ρ|α|+δ|β| (3.29)
for all |α| ≤ k, |β| ≤ ℓ. Then A : Λs(Tn) → Λs(Tn) extends to a bounded linear
operator for all 0 < s < 1 provided that m ≥ δℓ+ n
2
(1− ρ).
Proof. Let us observe that 〈ξ〉−m−ρ|α|+δ|β| ≤ 〈ξ〉−
n
2
(1−ρ)+ρ|α|, when m ≥ δℓ+ n
2
(1−
ρ). So, we finish the proof if we apply Theorem 3.3. 
PSEUDO-DIFFERENTIAL OPERATORS IN HO¨LDER SPACES 15
Remark 3.10. In the proofs of our Ho¨lder estimates we have used the equivalence
between the Besov space Bs∞,∞(T
n) and the Ho¨lder space Λs(Tn), for 0 < s <
1. Consequently, hypothesis of Theorem 3.3 and Corollary 3.9 also assure the
boundedness of σ(x,Dx) on B
s
∞,∞(T
n) for all −∞ < s <∞.
Besov boundedness results for operators in Ruzhansky-Turunen classes for 1 <
p < ∞ and 0 < q < ∞ can be found in Cardona [9], Cardona and Ruzhansky
[11] and references therein.
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